Introduction
Let C be a curve on a field K, p be a K-rational point of C. The base change of C to the algebraic clusure of K is denoted(C). On the algebraic fundamental group, π alg 1 ((C), p) the absolute Galois group of K acts by transfering the structure. If we consier an embedding ι : K ⊂ C of K into the complex numbers C, the fundamental group of the moduli space with the base point ι also acts on the π . Then it is easy to see that the morphism
is independent of the curve. In the paper [4] , Ihara and Nakamura the prove that this action can be expressed by the action of Galois group on the fundamental group of P 1 − {0, 1, ∞}. It is naturall to ask whether there is a Hodge analog of this facts.
The Hodge structure on fundamental groups on algebraic varieties are introdueced by R. Hain. He also raised the following natural question.
" Is the period of Hodge strucutre introduced in N ( M g,1 )/ M g,1 expreseed by a linear combination of multiple zeta values? "
In this paper, we study Hodge structures on the limit of fundamental group for Mumford-Schottky family. As a consequence, we will answer to this question. To study these limit Hodge structures on rigid geometric object and analytic object, we are constantly interested in comparison of these two objects. Though on the limit of de Rham cohomology weight and Hodge filtration is algebraically introduced, Z-structure arising from Betti cohomology depends on the choice of local parameter. For the question of period, this choice of local parameter is a delicate problem.
In both constructions the parameter space has almost canonical coordinate (q 1 , . . . , q m ). This depends on the choice of patching data. Because of this choice, the natural R structure depends on the choice of combinatorial patching data. Because of this fact, the result is somewhat weaker that naive question. We formulate not only using multiple zeta value (they are always real values) but also multiple of 2πi. It seems combinatorial problem to introduce real structure on cohomologies to separate 2πi×(multiple zeta value-part) from (multiple zeta value-part).
Variation of bar construction
Let me recall the relative bar construction. Let K be a subfield of C, S a scheme over a field K and C → S be a variety over S. Let s 1 , s 2 : S → C be sections of f .
We define variety C n = C × S · · ·× S C and B 0 = s 1 × S C n−1 , B i = C × S · · ·× S ∆ i × S · · · × S C and B n = C n−1 × S s 2 , where ∆ i is the diagonal subvariety for i-th and i+1-th factors. We define B I by the intersection ∩ i∈I B i . For subsets I and J of [1, n] such that J ⊂ I, there is the restriction map B I → B J . Using restrictions, we have a simplicial schemes: is denoted by Bar n (C/S, s 1 , s 2 ). The hypercohomology H n (C n , Bar n (X/S, s 1 , s 2 )) of Bar n (C/S, s 1 , s 2 ) is denoted by Bar n (C/S, s 1 , s 2 ). Then Bar n (C/S, s 1 , s 2 ) is an O S -coherent sheaf. This construction is applied if S is an alyatic space and C → S is a holomorphic map.
Moreover if C is a proper smooth curve over S, the sheaf Bar n (C/S, s 1 , s 2 ) is a locally free O S -moudle. As in Katz-Oda, we can define the Gauss-Manin connection on the O S -module Bar n (C/S, s 1 , s 2 ):
* be the dual of Bar n (C/S, s 1 , s 2 ). We can define a multiplication
If s 1 = s 2 , this multiplication and comultiplication yields a structure of Hopf algebra on Bar n (C/S, s 1 , s 1 ) * In the case where the family C → S has degenerations, the definition of Bar n (C/S, s 1 , s 1 ) * will be given later using canonical extension.
Suppose that S is of finite type over K. The associated analytic space is denoted by S an . Let Z[P ath(C an /S an , s 1 , s 2 )] be the local system of Z-module generated by homotopy class of path connecting s 1 and s 2 . Let I be the augumentation ideal of Z[π 1 (C an /S an , s 1 )] and I n+1 ·Z[P ath(C an /S an , s 1 , s 2 )] is also denoted by I n+1 . By iterated integral method, we have a natural isomorphism of O S an -modules:
In the case s 1 = s 2 the above morphism is compatible with the Hopf algebra structure. m with a nilpotent monodromy. Let M and ∇ be a locally free S 0 modules and an integralble connection only with regular singularity on S.
Let comp be an isomorphism If two edges e 1 and e 2 (resp. two vertices v 1 and v 2 ) are adjascent to a common vertex v (resp. edge e), it is denoted by e 1 −v −e 2 (resp. v 1 −e−v 2 ). We consider a singular curve X 0 = X 0 (Γ) whose irreduceible components, singluar points and marked points are indexed by V (E), CE(Γ) and OE(Γ), whose irreducible components are rational curves. Note that the curve X 0 is determined uniquely from Γ. The corresponding component, the singular the point and the marked point are denoted by C v , p e and p e , respectively. If e 1 − v − e 2 , we can uniquely choose a coordinate t = t e 1 ,e 2 of C v such that t(p e 1 ) = 0, t(p e 2 ) = ∞ and t(q) = 1. Here q denotes the the third edge adjacent to v. The rank g of the first homology group of the graph Γ is called the genus.
Let e ∈ CE(Γ) and v 1 − e − v 2 . The set of edge f 1 , f 2 such that f 1 − v 1 − e and e − v 2 − f 2 (f 1 − v 1 − e − v 2 − f 2 for short) is called the patching data at e. The set of patching data for all e ∈ E(Γ) is called the patching data of Γ.
Note that
We define m = #CE(Γ) and k = #OE(Γ) Then we have m = 3g − 3 + k. We construct a m-dimensional family of curve attached to a graph Γ with a patching data.
Algebraization of formal scheme.
We fix a subset S ⊂ OE(Γ) called section set. Let e ∈ CE(Γ) and v 1 −e−v 2 . Let f 1 − v 1 − e, e − v 2 − f 2 be the patching data at e. We put t 1 = t e,f 1 and t 2 = t e,f 2 . Let U e be the formal scheme obtained by the completion of
by the ideal genenerated by q 1 , . . . , q m . Let U e,v 1 be the open formal subscheme of U e defined by t 1 = 0. Then it is isomorphic to
Let e ∈ OE(Γ) and e−v. We choose f ∈ CE(Γ)∪OE(Γ) such that e−v−f and put t = t e,f . We put
Then the open formal sub scheme U e,v defined by t = 0 is isomorphic to U v given as above. We glew formal scheme U e (e ∈ CE(Γ) ∪ OE(Γ)) and
, then it is proper and can be algebraized to a scheme
. To an element s ∈ S = OE(Γ), one can associate a section s e : S → X Γ . This family gives a morphism µ : S → M g,k , where M g,k is the moduli stack of k-pointed stable curves of genus g. Analytic family defined by glewing. We use the same combiantorial data as in formal scheme.
Let e ∈ CE(Γ) with v 1 − e − v 2 and f 1 − v 1 − e − v 2 − f 2 be the paching data at e. We choose the similar coordinate t 1 , t 2 as in the formal case. Let e 1 , e ′ 1 , e 2 , e ′ 2 be edges as follows:
Let v = v i and e ′ − v and t e ′ ,v be the local coordinate of C v assiciated to the patching data at e ′ . Let U an e be analytic sub-variety of C 2 ×∆ m ǫ = {(t 1 , t 2 , q i )} defined by t 1 t 2 = q e and (3.1)
, v) and (e, v). Let e ∈ OE(Γ) and e − v. Let e 1 , e ′ 1 be edges of v different from e.
Then in this case U The analytic family X an Γ,S → ∆ m ǫ gives rise to formal scheme X T,S,C over
. This is nothing but the base change of X T,S to C constructed in the last paragrph. Therefore the base change µ C of µ is equal to the formal completion µ an of µ an as maps Using this lemma, we have a morphism µ conv : S conv → M g,k . The pull back of the k-pointed universal curve on M g,k is denoted by X conv → S conv .
We define bar complex for formal schemes. Let e 1 , e 2 ∈ S. Then we have a bar complex Bar( X Γ,S , s 1 , s 2 ) as a complex of coherent sheaves over the formal scheme X Γ,S n defined in the same way as (2.1). We define the formal cohomology by
where
. We can show that the above cohomology group is finitely generated over
By checking Mittag-Leffler condition, we have the following lemma.
Lemma 3.2. There is a natural isomorphisms
3)
where R = C[log q e ] e∈OE(Γ) .
3.2. Limit Mixed Hodge structure for bar complex. First, we recall general facts. Let X → B be a local family of algebraic varieties such that X is a smooth analytic space and D be a normal crossing divisor on X containing the special fiber. We write
where D f is a the union of the components contained in the fiber at 0 and D h be the union of other components. We put X * = X − D f and X 0 = X − D. The inclusion X 0 → X is denoted by u and the uniersal coveringB * → B * of B * is denoted byj.
We consider the following morphism of complex of sheaves on X 0 .
Here the homomorphism reg is given by taking the constant part as polynomials of log t. Note that this map depends on the choice of log t ∈ OS * . Then the argument in [2] can be modified to get the following proposition.
Proposition 3.3. All the homomorphisms in (3.4) are quasi-isomorphism.
We introduce two filtrations W and F on Ω * X (log D)/π * Ω * B (log s) as follows:
(1) A subsheaf W i of Ω * X (log D) is generated by differentila form at most i logarithmic form. This filtration induces an filtraion on Ω *
is given by stupid filtration.
A filtration W i on i −1j * u * ZX 0 is induced by the canonical filtration.
As a consequence of the above proposition, the cohomology H i (X 0 , Z) has a mixed Hodge structure. This mixed Hodge structure is functorial on X 0 in the following sence. Let π 1 : X 1 → B and π 2 : X 2 → B be smooth analytic space over B and D 1 and D 2 be their divisors as above. Let X 
) is a quasi-isomorphism. Let Γ be a trivalent graph with open edges and S be a subset of OE(Γ). We constructed X Γ,S and X Γ,S . If T = OE(Γ), the space X Γ,T is proper and a family of algebraic curves. The union of sections corresponding to S − T is denoted by Sec. Then the formal completion of X Γ,T − Sec is naturally isomorphic to X Γ,S . To introduce a limit Hodge structre for the fundamental group of generic fiber of X Γ,S , we choose a generic curve B of S an passing through the origin. The restriction of the family X Γ,S to B is denoted by X S . By using the above functoriality, We can define a mixed Hodge complex M HC(X T − Sec, s 1 , s 2 ) on the special fiber of some blowing up of X n T . As a consequence, we introduce a mixed Hodge structure on Bar(X Γ,S , s 1 , s 2 ) ⊗ κ(0) depending on the choice of local parameter t of B.
3.3.
Morphism arising from subtree. We study the functoriality of the family of curves constructed in the last section for Γ ′ ⊂ Γ. For a trivalent graph Γ, We put
and 
Proof. Let Γ ′ be a subgraph of Γ obtained by cutting a closed edge e. 
Since the restriction of X 
They are compatible with Gauss-Manin connections and we have map
by taking the cannonical extensions. The same construction is applied to formal schemes and we have the homomorphism
The morphism (3.5) induces a homomorphism
By taking the limit of (3.8), we have We want to consider the composite of two paths. Let e be a closed edge of Γ. We consider the following substitution to obtain a graph Γ Γ :
Let S be a section set of Γ. We put S = {e 0 } ∪ S. Let S añ Γ → S an Γ defined by q e = q e ′ q e ′′ . First, we define a morphism
The local equation of X Γ at the point p e is given by t 1 t 2 = q e , where the curve defined by t 2 = 0 and t 1 = 0 corresponds to the component C v 1 and C v 2 , respectively. Therefore the local equation of X Γ × S añ Γ is given by (3.12)
. We consider a sub-variety T of W = C 2 ×∆ 2 = {(t 1 , t 2 , q e ′ , q e ′′ )} defined by the equation (3.12). The blow up W along the center Z = {t 1 = q e ′ , t 2 = q e ′′ } is denoted byW → W . Then the exeptional divisor E ⊂W is a P 1 -bundle over ∆ 2 . The proper transform of T is dentoed byT . The composite mapT →W → ∆ 2 is denoted by φ. The intersectionT ∩E consists of two components C e 0 and S e 0 . One component S e 0 maps isomorphically to ∆ 2 and the other component C e 0 is isomorphic to P 1 lying over (q e ′ , q e ′′ ) = (0, 0). Therefore the mapT
is locally isomorphic to X 
Let S e = S ∪ {e 0a , e 0b }. Though Γ e is not a subgraph ofΓ, we can define the morphism X 
In this case OE(Γ) = {e 0 , f 1 , f 2 , f 3 , f 4 , e 4 } and CE(Γ) = {e 1 , e 2 , e 3 }.
Open edges are grouped into outgoing edges and incoming edges by their orientations. The set of outgoing edges and that of incoming edges are denoted by OE + (Γ) and OE − (Γ). In the above example, OE + (Γ) = {f 3 , f 4 , e 4 } and OE − (Γ) = {e 0 , f 1 , f 2 }. Let A Q = A Q (Γ) be an associative algebra over Q generated by Res e (e ∈ OE(Γ)) with a single relation
The algebra A Q is equipped with the comultiplication 
As a consequence, we have isomorphisms
We consider the easiest case which corresponds to the Drinfeld associator. Let Γ be the following graph. Here S = {e 0 , e 3 }.
We choose a coordinates t 1 , t 2 and t 3 of C 1 , C 2 and C 3 such that
For example, the patching data is given by
Then the patched variety X Γ,S is isomorphic to {t 2 | t 2 = 0, 1, ∞} and the section corresponding to e 0 and e 3 are given by t 2 = q 1 and t 2 = 1−q 2 . respecitvely. Let γ q be a continuous family of paths connecting e 0 and e 3 parametrized by q ∈ Σ ǫ . We compute the image of γ ǫ under the map (4.2) comp : P ath(X Γ,S , e 0 , e 3 )(
We choose γ as the real interval [q 1 , 1 − q 2 ]. Then the image of γ is given by exp(
and it is approximated in Σ ǫ by
where Φ(X, Y ) is the Drinfeld associator. The space P ath(X Γ,S , e 0 , e 3 )(Σ ǫ ) is a left principal homogeneous space under the group π 1 (X Γ,S , e 0 )(Σ ǫ ) generated by small loop ρ f 1 and ρ f 3 around f 1 and f 3 . The action of comp(ρ f 1 ) and comp(ρ f 3 ) are approximated by exp(2πiRes f 0 ) and P exp(2πiRes f 3 )P −1
Therefore by taking the limit of comaparison map, the map (4.2) gives rise to an isomorphism
By Lemma 2.4, in this particular choice of patching data, (A Q /I n+1 ) ⊗ O S an is isomorphic to the canonical extension via the isomorphism in (4.1). At the closed edge e 1 , there are four possible choice of patching data which corresponds to
We treat the second case as an example. (We assume that the pathching data of e 2 to be the same for simplicity.) In this case, f 1 and e 0 corresponds to q 1 and 0 respectively. Therefore the map is given by exp(
respectively. We take a small hemicircle passing upper half space. Then (4.4) is estimated by
In this case, (A Q /I n+1 ) ⊗ O S an is also a canonical extension. Under the homomorphism (4.3) , the image of
is a path like element in (A Q /I n+1 ) ⊗ R.
We return to the general tree Γ. 
Corollary 4.6.
(1) For the canonical extensions of (4.1), we have
(2) Under the above isomorphism, the weight and Hodge filtraion of
is given by
As a consequence Bar(X Γ,S , s 1 , s 2 ) has a mixed Tate Hodge structure.
Then this has graded vector space. Let
and V (3) three graded vector spaces, and c :
The multiple zeta value of index k is denoted by ζ(k 1 , . . . , k l ). The number | k |= j k j is called the weight of the index. Let L j be the subspace of C generated by 2πiζ(k) with | k |= j − 1 and ζ(k) with
2πi ] i∈CE(Γ) and its grading is induced by that of L.
Corollary 4.8. Let Γ be a tree. The image of the map
Bar n top (X Γ,S , s 1 , s 2 ) → A Q ⊗ R is contained in R mzv,Γ ⊗ deg A Q .
4.2.
The case of punctured Tate curves. In this section, we consider the case of punctured Tate curves. We consider the following graph Γ. Let e 0 , e 1 , . . . , e k be closed edges, f 1 , . . . , f k+1 open edges and v 1 , v 2 , . . . , v k+1 verices.
We take coordinates t i and u i of the component C v i such that the patching data at e i−1 and e i are given by t i and u i .
Then the formal defining equation of the Tate curve X Γ,{f i } is given as u i t i+1 = q i for i = 1, . . . , k + 1. Here we used cyclic notation. We take S = {f i }. We take a base change of
′′ ]] and q 0 = q ′ q ′′ and we consider the following two graphsΓ and Γ e .
We put
In this isomorphism, the composite of paths on the left hand side (if it is defined) and the multiplication of the right hand side is compatible. Let H α,β be an element of Bar(X an Γ e 0 ,S e 0 , α, β) * ⊗ κ(0) corresponding to 1. An element in Bar(X an Γ e 0 ,S e 0 , g a , g a ) * ⊗ κ(0) corresponding to exp(2πiRes g a ) is denoted by ρ a . We define ρ b in the same way.
We consider the homomorphism
. As a consequence, we have the relationH
is isomorphic to the algebra generated by A Q and h with the single relation ).
Here we put h = log H. We study the difference between a longitude defined topologically and the element H = exp(h). We consider the following commutative diagram.
Here Φ f i ,g a , Φ g b ,f i are path like elements (A Q /I n+1 ) ⊗R via the identification (4.5). It is contained in (A Q /I n+1 ) ⊗ deg R mzv . By applying i DR , we have the following proposition. 
Note that this relation is compatible with the topological van Kampen relation 
We take S = {f } ⊂ OE(T )∩OE(Γ). For each d ∈ D T , we consider a graph T d obtained by connecting d to the graph T . We apply the construction of the last section and get an element H ∈ Bar n ( X Γ,S , f )
Proposition 4.12. Let B Q be an algebra generated by {X e } e∈OE(T ) and {h d } d∈D with relations
The ideal genenerated by h d and X e is denoted by I. The bar complex Bar
We restate the above proposition to compare the Hodge structres of Bar( X Γ,S , f ) * ⊗ κ(0) and its generators. Let d be an element of D T and v 1 − d − v 2 . We apply the construction of Section 3.3 and get
The vertices d a and d b are called twins. LetT be a tree obtained by this f ) ) with α i , β i ∈S is called an admissible chain of length k + 1 if β i and α i+1 are twins or β i = α i+1 = f . We set α 1 = β k+1 = f . For an admissible chain c, we put θ c the homomorphism obtained by the composite map;
The similar homomorphisms θ c and θ top c for formal scheme setting and topological setting is defined. 
Mapping class group and Hodge structure
Let K be a sub-field of C, C a proper smooth curve of genus g and p be a K rational point of C. Let K be an algebraic closure of K. C, p) ).
ab preserving the intersection form and we have a map:
0 of φ is a Q-nilpotent algebraic group.
Let M g,1 be the moduli stack of one pointed curve of genus g. Then the pair (C, p) defines a K-valued point of M g,1 . The topological fundamental group M g,1 = π 1 (M g,1 ) of M g,1 acts on the fundamental group π 1 (C, p) and its group ring Q[π 1 (C, p)]. Since this action preseves the topology of Q[π 1 (C, p)] defined by an augumentation ideal I, we have a continuous action
Since the kernel of φ is a nilpotent group, the above map induces a map
where M g,1 is the relative Malchev completion [3] of M g,1 with respect to M g,1 → Sp(2g, Q). The kernel T g of the map M g,1 → Sp(2g, Q) is a nilpotent Q-algebraic group called Torelli group. Thus we have inclusions of Qnilpotent Lie groups.
Proposition 5. Let N ( M g,1 ) and N ( T g ) be the normalizer of M g,1 and T g in Aut cont ( π 1 (C, p)) and put
Proposition 5.2.
(1) We have an inclusions of Q-nilpotent algebraic groups
Lie group of the above inclusions preserve Mixed Hodge structures:
⊂ Hom( Q[π 1 (C, p)], I Q[π 1 (C, p)]). The following theorem is conjectured by R. Hain.
Theorem 5.4. The Q-Hodge structure over K on V = Lie (N ( M g,1 ) 0 )/Lie( T g ) is indpendent of the choice of (C, p). For an element ω ∈ V * DR and γ ∈ V B , the period (γ, ω) is contained in the K-linear combination of multiple zeta values.
5.2.
Proof of Theorem 5.4. Let C be a smooth curve over K and p be a K-valued point of C. Then there exists a curve B with two K rational point b 1 , b 2 and a family of curve f : C → B and a section P of f such that (1) the fibers of b 1 and b 2 are isomorphic to (C, p) and split maximally degenerated over K, and (2) there exists a local coordinate t of B at p 2 such that the q i -parameter is express as q i (t) = t + O(t 2 ).
We consider the relative constructions of π 1 (C, P ) for Betti, de Rham realization. We choose a local coordinate t of B at p 2 as in the above condition. We consider the commutative diagram
where R mzv = L ⊗ Q[ log t 2πi ] and ϕ is given by ϕ : log q i → log t. We put Bar 
Then we have a homomorphism
End(Bar n top (C an /B an , P )) → End(Bar n ( C/B, P ) * ) ⊗ κ(0)) ⊗ R mzv,t .
Then the topological and the de Rham realizations defined over Q of Lie (N ( M g,1 ) ) 0 , Lie( T g,1 ) are subspaces of End(Bar n top (C an /B an , P ) * ⊗κ(0)) and End(Bar n ( C/B, P ) * )⊗ κ(0)) ⊗ R mzv,t . Therefore we have Lie (N ( M g,1 ) ) 0 /Lie( T g,1 ) → Lie DR (N ( M g,1 )) 0 /Lie DR ( T g,1 )⊗κ(0)⊗ deg R mvz,t .
Since the monodromy action on Lie(N ( M g,1 )) 0 /Lie( T g,1 ) is trivial the above map reduces to a map Lie (N ( M g,1 ) ) 0 /Lie( T g,1 ) → Lie DR (N ( M g,1 )) 0 /Lie DR ( T g,1 ) ⊗ κ(0) ⊗ deg L.
By the fixed part theorem, the Hodge structure of Lie (N ( M g,1 ) ) 0 /Lie( T g,1 ) is equal to the fiber at p 1 . Thus we have the theorem.
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